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Abstract

Drainage divides of mountain ranges will shift laterally during asymmetric erosion of the range. Such asymmetric
erosion may occur due to differential precipitation on different sides of a range, or because of different topographic
gradients, for example at passive margins. Here, a semi-analytical solution is presented that can be used to evaluate the
shape of isotherms underneath an asymmetrically eroding, randomly shaped topography. It is shown that, because of
this asymmetric erosion, cooling curves of rocks from the slowly denuding side of the range (in shift direction of divide)
are characterized by a decrease in cooling rate with decreasing temperature, while cooling curves of rocks from the
rapidly denuding side (in lee of the shift direction) are characterized by increasing cooling rate with decreasing
temperature. Moreover, in rapidly denuding terrains, cooling through the 110³C and 75³C isotherms (approximating
the retention temperatures of the apatite fission track and (U^Th)/He systems, respectively) may occur on the slowly
denuding side of a range at twice the age of samples from the rapidly denuding side. In general, differences in cooling
curves and cooling ages below 110³C should be recognizable in terrains where the erosion and lateral migration rates
are of the order of 2 mm per year or more. In view of the recent developments of low temperature geochronological
methods, our model provides an important tool to estimate the rate of lateral migration of drainage divides in regions
where this is not constrained by the geomorphological record. ß 2000 Elsevier Science B.V. All rights reserved.

Keywords: topography; isotherms; low temperature; geochronology; watersheds

1. Introduction

In thermal models that are used to explain geo-
thermometric and geochronological data collected
by Earth scientists in the ¢eld, it is generally as-
sumed that the isotherms are planar surfaces at
depth. Then, it is possible to infer exhumation

rates from cooling age data. Neglecting all other
two- and three-dimensional e¡ects, this assump-
tion is valid ^ even for mountainous terrains ^ if
isotherms are considered that are deep in the
crust, compared with the amplitude of the topog-
raphy at the surface. However, at shallower
depths, isotherms will follow the topography in
a damped manner. The characteristic length scale
(skin depth) of this damping e¡ect is of some
relevance for the interpretation of low tempera-
ture geochronological data. For example, if ero-
sion rates of mountain belts are estimated from
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the relationship between geochronologically deter-
mined cooling ages and sample elevation [1^3],
then the erosion rates will be overestimated, if
the dated isotherm is shallower than this skin
depth [4].

Thus, it is important to understand the curva-
ture of isotherms at depth and a number of au-
thors have been concerned with this subject. Ear-
lier studies were largely concerned with the
temperature distribution underneath topography
in the absence of erosion [5]. These models were
later expanded to account for erosion (which may
enhance the e¡ect signi¢cantly) by Stu«we et al. [4]
and a time-dependent evaluation of the problem
has been presented by Mancktelow and Grase-
mann [6]. The principal remaining limitation of
these models is the assumption that the topogra-

phy lowers only vertically during erosion. Field
studies have shown that topography changes
through time, e.g. [7^9], and that drainage divides
lower not only vertically, but also shift laterally
(Fig. 1); for example as the consequence of asym-
metric erosion of mountain belts, e.g. [10^12]. In-
deed, in many mountain belts the rates of vertical
lowering and lateral shifting of the topography
are comparable. For example, in the eastern
European Alps in the region west of Innsbruck,
the principal Alpine drainage divide appears to
have shifted several tens of kilometers northwards
within the last 20 myr (Fig. 1). During the same
time interval, substantial parts of the eastern Alps
were exhumed from depths comparable to this
lateral shift (i.e. depths up to several tens of kilo-
meters) [13]. While the shift of this drainage di-

Fig. 1. Example of laterally shifting drainage divides from the eastern European Alps. The example illustrates that the rate of lat-
eral shifts of drainage divides in mountain belts may be comparable to the rate of vertical incision of the topography. Drainage
divides (thick lines) are sketched for the present day situation (solid line), 10 Ma (dashed line) and 20 Ma (dotted line) (lines by
A. Kuhlemann, personal communication, 2000). The lines are sketched onto the digital elevation model of the eastern Alps
(Frisch et al. [13]; Szëkely, personal communication, 2000) based on analyses of provenance regions of sediments in the molasse
basins north and south of the Alps. Labelled cities are: G = Graz; I = Innsbruck; M = Mu«nchen; S = Salzburg.

EPSL 5668 8-12-00

K. Stu«we, M. Hintermu«ller / Earth and Planetary Science Letters 184 (2000) 287^303288



vide is as yet not very well-constrained, such ex-
amples illustrate that isotherms underneath many
mountain belts may be insu¤ciently described by
thermal models which consider only vertical low-
ering of the topography.

In this paper we present a model that can be
used to describe the thermal e¡ects of an eroding
topography that lowers vertically and migrates
laterally. Our model gains particular relevance be-
cause of the rapid development of geochronolog-
ical methods that can be used to date isotherms
signi¢cantly below 100³C, e.g. [14^16].

1.1. Terminology

The following terminology is de¢ned. The term
steady state topography is used for a topography
that stays constant in shape over time (Fig. 2).
Steady state topography is called stationary
when it is not being eroded and eroding if the
crust is being denuded. If there are lateral changes
in the vertical denudation rate, a steady state to-
pography will shift laterally. This may be de-
scribed by the constant vertical and horizontal
components of a vector describing the displace-
ment of the surface relative to the rocks. The

vertical vector component is called incision rate,
(here described in a Eulerian reference frame by
the upwards advection rate u) and the horizontal
vector component is called the migration or shift
rate (here described by the lateral advection rate
v) (Fig. 2). Note that our de¢nition of incision
rate does describe the vertical lowering of drain-
ages and corresponds to the mean vertical erosion
rate averaged over the whole topography. It does
not describe the vertical lowering of any one ver-
tical pro¢le.

For the erosion of a steady state topography, u
and v are the same at all points of the topogra-
phy, so that drainages and drainage divides incise
vertically and shift laterally at a constant rate.
However, note that the denudation rate, i.e. the
vertical lowering of topography at any one point
of the topography, varies laterally: on Fig. 2a
there is practically no vertical removal of section
at location A, but substantial removal at location
B. Here we will refer to the left and right sides of
a range as characterized by A and B, as the dry
and wet sides of a range, respectively. This is be-
cause many authors have shown that variations in
vertical erosion rate, for example caused by di¡er-
ential precipitation in di¡erent parts of a range,

Fig. 2. Model set up, boundary conditions and choice of coordinate system. (a) In a Lagrangian reference frame, topography in-
cises into the crust at the mean vertical rate u and lateral rate v. In a Eulerian reference frame erosion is described by upwards
advection of material. Note that although u and v are constant, the rates of vertical removal of section at A and B (symbolically
called `wet' and `dry' side of the range) are di¡erent. The topography shown is made up of the superposition of two periodic
waves with the smaller wave having 1/4 of the wavelength and amplitude of the principal wavelength. This, or any other arbi-
trary topography may be described with the equations described in this paper.
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may indeed be responsible for the shifts of drain-
age divides towards the dry, i.e. less-precipitation
side of a range, e.g. [11,17]. However, it is empha-
sized that a di¡erence in denudation rate between
the di¡erent sides of a range may also be caused
by di¡erent topographic gradients, for example at
passive margins. Thus, our description of `dry'
and `wet' side should be considered to be sym-
bolic for slowly and rapidly denuding, respec-
tively.

Furthermore we use steady state isotherm or
thermal steady state to describe isotherms that
do not change in shape or position with respect
to the topography. Just like the topography itself,
steady state isotherms do change their position in
a Lagrangian reference frame as shown in Fig. 2a,
but do not change in coordinates in an Eulerian
reference frame which we will use here (Fig. 2b).
Finally, we de¢ne exhumation and exhumation
rate as the process and process rate of decreasing
the vertical distance of a rock from the surface.
As such we use the meaning of exhumation widely
accepted in tectonics (e.g. [18,19]), but note that
this is di¡erent from that used by geomorpholo-
gists, e.g. [20]. For further de¢nitions of the terms
uplift and exhumation we refer to [19].

2. The model

2.1. Previous approaches and results

Most previous accounts have simpli¢ed the
problem of a periodic topography with a constant
surface temperature by describing it as a problem
of a periodic temperature variation along a planar
surface [21^23]. This approximation is valid if the
thermal gradient inside the topography is con-
stant. For this problem, the steady state temper-
ature variation at depth may be described by:

T�x; y� � T0�y� � vT cos
2Zx
V

� �
eym �1�

where x and y are the horizontal and vertical
spatial coordinates, T0(y) describes the geotherm
in the absence of any surface perturbations, V is
the wavelength of the topography, vT is the am-

plitude of the lateral temperature variation and m
is given by:

m � 1
2

3
u
U
3

��������������������������������
u
U

� �2
� 4Z

V

� �2
s0@ 1A �2�

where u is the rate of upwards advection of ma-
terial due to erosion and U is the constant thermal
di¡usivity, which we always assume to be U= 1036

m2/s [6,23]. In essence, Eq. 1 describes a geotherm
(given by T0(y)) to which a perturbation by the
surface temperature variation is added. It may be
seen that this perturbation drops o¡ exponentially
with the characteristic length scale m. The geo-
therm T0(y) may be of any shape and can include
heat production terms. However, for clarity, it is
often assumed to be linear in the absence of ero-
sion and is ¢xed by T = Ts = 0 at the surface and
T = TL at the lower boundary at depth L, for
example the base of the lithosphere. Then, the
shape of the steady state geotherm during erosion
at the rate u may be described by:

T0�y� � TLW
13e3�uy=U �

13e3�uL=U �

� �
�3�

This equation is equivalent to equation 8 of
Stu«we et al. [4] and equation 19 of Mancktelow
and Grasemann [6]. Eq. 3 has been expanded to
account for radiogenic heat production by Batt
and Braun [24], but in view of the uncertainties
associated with our knowledge of the depth de-
pendence of heat production we believe our esti-
mates remain more transparent if we use Eq. 3.
For no erosion, i.e. u = 0, a limit argument for Eq.
3 yields T0(y) = (TL/L)y, where TL/L is the linear
geothermal gradient (geotherm with no heat pro-
duction), and Eq. 2 reduces to m =32Z/V. Then,
Eq. 1 describes the temperatures underneath lat-
eral temperature variations (maximum variation is
2vT) on a £at surface, for example underneath
land^water boundaries.

However, Eq. 1 has also been used to describe
the e¡ects of surface topography. Then, it is im-
plicit in Eq. 1 that the origin of the vertical axis is
assumed at half the elevation between valley and
summits of a cosine-shaped topography and vT is
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given by vT = (H/2)WdT/dy�y�0�, where H is the
elevation of the summits of the periodic topogra-
phy above the valley £oors [23]. Using this solu-
tion (with u = 0), Brown et al. [25] have shown
that the interpretation of geochronologically de-
rived apatite ¢ssion track ages will not be a¡ected
by the shape of isotherms at depth (Fig. 3a).

However, most mountainous terrains are not
characterized by stationary topography, but by
an eroding topography which progressively de-
nudes the crust. The in£uence of this upwards
advection e¡ect of heat was considered by [4,6],
assuming a steady state topography. In their ap-
proach, Stu«we et al. [4] did not use Eq. 1, but
developed a model that is not limited by the as-
sumption that the thermal gradient inside the to-
pography is constant. Mancktelow and Grase-
mann [6] presented di¡erences between Eq. 1
and the approach of Stu«we et al. [4] in their ¢gure
11. Stu«we et al. [4] showed that ^ for the thermal
steady state ^ the interpretation of apatite ¢ssion
track ages may indeed be a¡ected by surface to-
pography, especially if the erosion rate exceeds
approximately 100 m/myr for several myr (Fig.
3b). Stu«we et al. [4] also explored the in£uence
of V, H and u on the amplitude of the track re-

tention isotherm at depth. Mancktelow and Gra-
semann [6] expanded on this problem and pre-
sented the time-dependent e¡ects of erosion of a
steady state topography (Fig. 3c).

2.2. Current approach

The principal shortcomings of the studies of
Stu«we et al. [4] and Mancktelow and Grasemann
[6] are that they neglect the in£uence of lateral
gradients in the vertical erosion rate. In order to
investigate this e¡ect, we study the thermal steady
state for a topography that erodes more rapidly
on one side than on the other and limit our con-
siderations to scenarios where the topography re-
mains in the steady state so that the erosion pro-
cess may be described by the constant vector
components u and v (see Section 1.1 and Fig. 2).
For these assumptions, an approximate analytical
solution was found by following the approach of
Stu«we et al. [4] and accounting for two-dimen-
sional advection. For the coordinate system
from above (with the origin of the vertical axis
at the lowest point of the topography) and same
boundary conditions for which Eq. 3 was derived,
the dimensionless depth Y = y/L of a given iso-

Fig. 3. Three examples of previous approaches to investigate the in£uence of topography on isotherms. (a) Shows the 50³C and
100³C isotherms underneath a stationary, non-eroding topography. The thermal in£uence of this topography was approximated
with Eq. 2 assuming u = 0 [25]. (b) Shows the 50³C and 100³C isotherms in the thermal steady state underneath a topography
that incises at 1 km per year vertically into the crust [4]. (c) Shows the 100³C isotherm as a function of time (labelled in myr) in
terms of its evolution from (a) to (b) [6].
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therm may be written as:

Y � Y 0 � O b �Y 0; X� �4�

Here O= H/L, with H the maximum height of
the topography, represents the topographic scale,
and X is the dimensionless lateral distance X =
x/L. Y0 is the solution giving the temperature^
depth relation in the vertically and laterally erod-
ing case without topography. It has the form:

Y 0�3 � � 3
1
R

ln �1� 3 �e3R31�� �5�

which is equivalent to Eq. 3 expressed in terms of
depth rather than temperature. The variable 3 is
the dimensionless temperature 3= T/TL and
R= uL/U is the vertical Peclet number, in which
U is the thermal di¡usivity. Note that Y0 is inde-
pendent of the lateral migration rate of the topog-
raphy. Due to the assumption that the height H
of the topography is small compared to L, the
second term in Eq. 4, b(Y0, X), can be interpreted
as perturbation in the presence of a topography.
This perturbation depends on the vertical and lat-
eral heat advection e¡ects. The thermal e¡ects of
lateral advection are described by the lateral Pec-
let number: W= vL/U. The term b(Y0, X) is given
by:

e
3
RY 0

2

� �
b �Y 0; X� � K 0f �X� �

Xr
n�1

K n

Zr
0

e3h �~f X �X � ~h n� � ~f X �X3~h n�32~f X �X��dh

�6�

where:

K 0 �
sinh 1

2

������������������
R 2 � W 2

p
�13Y 0�

� �
sinh 1

2

������������������
R 2 � W 2

p� �
and for n = 1, 2,T :

K n � �31�n�1nZ
sin �nZ�13Y 0��

g 2
n

g n � 1
2

�����������������������������������
4n2Z2 � R 2 � W 2

p
~h n � h

g n

f(X) is the normalized topography. For conven-
ience we have also introduced fìX (Xì ) which is de-
¢ned by:

~f X � ~X� � e

W �X3 ~X�
2

� �
f � ~X�

Note that fìX (X) = f(X). Apart from the assump-
tion that the topography is small in vertical extent
compared to L and vanishes for large lateral dis-
tances X, no further restrictions concerning f have
to be taken into account. Thus, f can be of any
shape. Concerning the computation of b numeri-
cally we remark that the numerical evaluation of
the integral in Eq. 6 is of Gauss^Laguerre type,
and the in¢nite summation (over n) is truncated.
Details on the derivation of (Y0, b), and on nu-
merical aspects are discussed in the Appendix.
Also note that for no lateral migration of the to-
pography (W= 0), the solution of [4] is recovered.
In fact, the W terms in K0 and gn vanish, and
fìX (Xì ) = f(Xì ). Thus, our approach may be viewed
as a generalization of the approach of [4].

3. Model results

In order to illustrate and interpret the qualita-
tive nature of the results, we use the model pre-
sented in Section 2.2 to evaluate isotherms, cool-
ing curves and cooling ages initially for one set of
parameters. Geologically relevant parameter
ranges will then be explored in Section 3.2.

For our example, it is assumed that the lower
boundary is given by the base of the lithosphere
at L = 100 km and TL = 1000³C. We also use
Ts = 0, but note that our results for the 100³C
isotherm correspond to those for the 110³C iso-
therm if Ts = 10³C. These assumptions correspond
to a linear geotherm with a geothermal gradient
of 10³C/km, in the absence of denudation. It is
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emphasized that this low choice for the geother-
mal gradient implies that our example is conser-
vative with respect to the amount of perturbation
of isotherms and cooling paths by the surface to-
pography. For the topography, we assume that it
may be described by a periodic wave of the form:

h � H Wf � 3
H
2

1� cos
2Zx
V

� �� �
�7�

Isotherms are evaluated for the central moun-
tain of a package of nine full wavelengths of Eq. 7
centered around the middle of a grid of the width
3L. For the topographic parameters we choose
H = 3 km and H = 1.5 km and a wavelength of
V= 20 km so that the results may be directly com-
pared with those of Stu«we et al. [4] and Manckte-
low and Grasemann [6]. For the vertical advection
rate we assume u = 500 m/myr. The rate of lateral
migration of the topography v is constrained by
the maximum slope of the topography. The later-
al advection rate must be smaller than:

v � V
ZH

� �
Wu �8�

so that peaks do not shift laterally into free air
(which is mathematically possible but clearly
meaningless geologically, unless di¡erential tec-
tonic uplift processes are invoked). At the limiting
ratio of u to v given by Eq. 8 the denudation rate
on the `dry' side is zero.

Fig. 4 explores the shape and position of iso-
therms relative to the topography as a function of
a range of lateral migration rate below the limit-
ing value given by Eq. 8. It shows that the posi-
tion of isotherms is very robust towards the mag-
nitude of v. However, this result is somewhat
misleading, as it is presented in Eulerian reference
frame. Rock trajectories move diagonally through
Fig. 4. This is shown on Fig. 5 where it may be
seen from the crossings of particle trajectories
with isotherms that cooling curves on di¡erent
sides of a range will be di¡erent, depending on
the ratio u/v.

In order to interpret what thermal history may
be recorded in rocks that may be collected at the
surface, Fig. 6 shows low temperature cooling
curves of rocks during their ¢nal stages of exhu-
mation. The 20 curves shown correspond to 10
di¡erent elevations sampled both on the `wet'
and `dry' sides of a mountain. It may be seen

Fig. 4. Steady state isotherms underneath vertically eroding and laterally shifting topography. Amplitudes, wavelengths and ero-
sion rates are labelled in the ¢gure. The 50³C and 100³C isotherms are shown on both (a) and (b) for four rates of lateral shift-
ing. Note that the shape of the isotherms with respect to the topography is largely independent of v.
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that cooling ages and temperature time paths vary
signi¢cantly between the `wet' and the `dry' sides.
Most importantly, the ¢nal cooling of rocks on
the `wet' side of a range (solid lines on Fig. 6a) is
characterized by an increase in cooling rate, while
¢nal cooling to the surface on the `dry' side of a
range (dashed lines on Fig. 6a) is characterized by
a decrease in cooling rate. As a consequence,
rocks on the `dry' side cool much earlier through
low temperature isotherms than rocks from the
`wet' side of a mountain on the same elevation
(Fig. 6b). This e¡ect is most pronounced for in-
termediate elevations and it decreases or may even
be reversed for higher temperature isotherms.
This may be seen on Fig. 6b for the age of cooling
through the 75³C and 100³C isotherms. There,

samples from high elevations are older on the
`wet' side of the mountain and younger on the
`dry' side, while for samples at low elevations
this relationship is reversed.

3.1. Qualitative interpretation of the model results

The result of Fig. 4 shows that the incision rate
is much more important to the shape of isotherms
at depth than the lateral migration rate. For high
temperature isotherms this is because these are
too far from the surface so that the lateral cooling
through the £anks of a mountain range during
sideways migration does not in£uence them. For
low temperature isotherms this is because these
are forced by the surface boundary condition to

Fig. 5. Cartoon illustrating the relationship between isotherms (dashed lines) and particle trajectories (thin continuous lines). Par-
ticle trajectories (exhumation paths) are shown for rocks from ¢ve di¡erent, but constantly spaced elevations on a mountain,
from both sides of the range. Positions of rocks are marked at three di¡erent times with the dots. The large dots on the surface
are the samples for which cooling ages and temperature^time paths are plotted in Fig. 6 (black on high denudation side, white
on low denudation side of range).
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remain inside the topography. Because of both
e¡ects, the lateral shifting of the 100³C isotherm
with respect to the topography is generally less
than 2% for a range of reasonable denuda-
tions rates we explored. As a consequence, lateral

displacement of isotherms may generally be ne-
glected and the simpli¢cation introduced in Sec-
tion 4.2 may usually be applied instead of Eq. 4.
However, it is emphasized that a constant vertical
distance from the isotherm to the surface on both
sides of the range does not imply that sample
cooling ages on both sides are the same as the
particle trajectories lie obliquely to the surface
(Fig. 5).

Fig. 5 illustrates why, coming from high tem-
peratures, cooling rates on the `wet' side of a
range must ¢rst decrease and ¢nally increase
with decreasing temperature. The initial decrease
in cooling rate is because of the wider spacing of
the isotherms inside the mountain; the ¢nal in-
crease in cooling rate is because the isotherms
are crossed at steeper angles at lower tempera-
tures. Correspondingly, on the `dry' side of the
mountain, the initial increase in cooling rate is
because the isotherms are narrower spaced under-
neath the valleys and the ¢nal decrease in cooling
rate is because the ¢nal rock trajectories are near
parallel to the near surface isotherms. Fig. 7 illus-
trates the di¡erence between the cooling ages on
the two sides of the range in some more detail
using end-member scenarios for the shape of iso-
therms at depth. Fig. 7a shows the end-member
scenario of £at isotherms. This ¢gure corresponds
to the implicit model assumptions of many inter-
pretations of apatite ¢ssion track data [1^3].
Then, the age distribution is symmetric about
the range, regardless of the ratio of vertical inci-
sion and lateral migration (i.e. the slope of the
particle trajectories). Fig. 7c shows the other
end-member scenario, where the isotherms are al-
most parallel to the surface. This ¢gure corre-
sponds to extremely rapid erosion rates or low
temperature isotherms. Then, the age distribu-
tion is markedly asymmetric about the range
with youngest cooling ages occurring in the mid-
slope of the `wet' side and oldest cooling ages
occurring displaced from the peak towards the
`dry' side.

Note that symmetric cooling age distributions
on the two di¡erent sides of a range may occur
for both combinations of variables : for large lat-
eral shift rates v combined with £at isotherms, or
for low lateral shift rates and strongly perturbed

Fig. 6. Temperature^time paths and an elevation^age plot
for particle trajectories of rocks now at the surface. In (a) 20
paths are shown corresponding to 10 constantly spaced ele-
vations on the `dry' (left side, dashed lines) and `wet' (right
side, continuous lines) sides of the mountain (see Fig. 5 for
locations). The thick line marks the cooling path in the ab-
sence of topography. In (b) the time of cooling through a
certain isotherm (cooling age) is shown for all rocks from
(a). Black dots are for rocks from the `dry' side of the
mountain, white circles are for rocks from the `wet' side of
the mountain. Cooling ages are shown for cooling through
the 25³C, 50³C, 75³C and 100³C isotherms. The small dots
in (a) show the time and elevation at which the cooling ages
of samples from the `wet' and `dry' sides of a mountain re-
verse.

EPSL 5668 8-12-00

K. Stu«we, M. Hintermu«ller / Earth and Planetary Science Letters 184 (2000) 287^303 295



isotherms. On the other hand, asymmetric age
distributions can only occur if the isotherms are
curved and there is lateral migration of the topog-
raphy. Thus, the asymmetry of the age distribu-
tion occurs because of the combination of two

e¡ects: (i) the slope of the particle trajectories
with respect to the topography as given by the
ratio u/v and (ii) the curvature of the isotherms
as predicted by the model presented here or those
by previous authors [4,6].

C
The ¢rst ¢ve columns are the elevation of the topography above the valleys (H), the distance between valleys (V), the thermal
gradient in the absence of erosion (g), the vertical incision rate u and the lateral migration rate v, respectively; as required for
the implementation of Eqs. 4, 5 and 7. The sixth column lists the geothermal gradient at the surface, accounting for advection of
heat, but neglecting the topography. The numbers in these columns were calculated with dT0/dy�y�0� = TLu/(U(13e�3uL=U �)), as de-
rived from Eq. 3. The next column gives the cooling rate at the surface, in the absence of topography, as given by the product
of columns 4 and 6. In comparison with the next three columns, this value gives a good indication of the duration of cooling.
For example, the cooling rate in the ¢rst row shows that the age of cooling through the 100³C isotherm is about 10 myr. The
last three columns show the age di¡erence, vt, between two samples from the same elevation but opposite sides of the topogra-
phy, sampled at the half elevation between summit and valley for three di¡erent cooling ages of 100³C, 75³C and 50³C. These
numbers are positive if the samples on the dry side are older than on the wet side and negative if the sample from the wet side
is older than that from the dry side. Numbers are shown in italics if they are in£uenced by topography outside the range consid-
ered, e.g. by a neighboring mountain. Such numbers are likely to be not very meaningful geologically.

Fig. 7. Topography, isotherms, sample age for two di¡erent end-member scenarios. Particle trajectories are always drawn for the
youngest and oldest sample age across the topography. In (a) isotherms are drawn parallel to the mean surface, neglecting topo-
graphic in£uence, as may be the case when the thermal conductivity is very high or erosion rates very slow. (b) Shows the oppo-
site end-member scenario, where the isotherms are parallel to the surface. Note that the asymmetry of the age pro¢le across the
topography is not a function of a more rapid lateral migration rate in (b) than in (a), but is only a function of the increasing
curvature of the isotherms at depth.
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Table 1
The in£uence of geologically reasonable parameter ranges on the amplitude and asymmetry of isotherms at depth

1 2 3 4 5 6 7 8 9 10
H V g = TL/L u v dT/dy�y�0� s vt�100� vt�75� vt�50�
(km) (km) (³C/km) (m/myr) (m/myr) (³C/km) (³C/km) (myr) (myr) (myr)

1 10 10 500 1.5 u 20 10 0.0 0.0 0.2
3.0 u 0.0 0.3 30.6

1000 1.5 u 33 33 0.0 0.3 0.7
3.0 u 0.0 30.7 0.2

20 500 1.5 u 40 20 0.2 0.5 0.9
3.0 u 30.5 30.6 1.0

1000 1.5 u 66 66 0.7 0.8 1.0
3.0 u 0.2 1.2 1.7

20 10 500 3.0 u 20 10 30.5 30.6 0.9
6.0 u 30.5 1.7 33.0

1000 3.0 u 33 33 0.0 1.0 1.9
6.0 u 0.0 3.2 0.6

20 500 3.0 u 40 20 0.9 1.5 2.0
6.0 u 32.5 32.0 3.0

1000 3.0 u 66 66 1.8 2.0 1.8
6.0 u 0.3 1.7 1.9

2 10 10 500 0.7 u 20 10 0.0 0.2 0.5
1.5 u 0.0 0.0 0.5

1000 0.7 u 33 33 0.4 0.5 0.6
1.5 u 0.0 0.7 1.4

20 500 0.7 u 40 20 0.3 0.5 0.6
1.5 u 0.3 1.0 1.4

1000 0.7 u 66 66 0.6 0.6 0.5
1.5 u 1.2 1.5 1.6

20 10 500 1.5 u 20 10 0.3 1.1 1.6
3.0 u 30.8 31.0 2.0

1000 1.5 u 33 33 1.2 1.6 1.5
3.0 u 30.2 2.1 3.5

20 500 1.5 u 40 20 1.6 1.6 1.5
3.0 u 1.9 3.0 3.5

1000 1.5 u 66 66 1.5 1.4 1.1
3.0 u 3.6 3.8 3.6

3 10 10 500 0.5 u 20 10 0.0 0.3 0.4
1.0 u 0.0 0.2 0.7

1000 0.5 u 33 33 0.4 0.5 0.6
1.0 u 0.5 1.0 1.4

20 500 0.5 u 40 20 0.4 0.5 0.6
1.0 u 0.7 1.1 1.3

1000 0.5 u 66 66 0.6 0.6 0.8
1.0 u 1.4 1.5 1.6

20 10 500 1.0 u 20 10 1.0 1.4 1.6
2.0 u 0.3 1.4 2.8

1000 1.0 u 33 33 1.4 1.4 1.4
2.0 u 2.0 3.0 3.4

20 500 1.0 u 40 20 1.5 1.4 1.2
2.0 u 2.8 3.2 3.3

1000 1.0 u 66 66 1.3 1.1 1.0
2.0 u 3.3 3.5 3.3

(For explanation see facing page)
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3.2. Quantitative in£uence of parameter ranges

Figs. 4 and 6 illustrate some model results using
a topography with H = 3 km and V= 20 km. In
order to explore the in£uence of di¡erent topog-
raphies on isotherms at depth, Stu«we et al. [4]
evaluated the amplitude of the track retention iso-
therm for a geologically reasonable range of H, V
and erosion rates u in their ¢gure 6. They showed
that the shape of the apatite ¢ssion track reten-
tion isotherm at depth in£uences the interpreta-
tion of ¢ssion track data if us 500 m/myr and if
Vs 20 km. At Hs 2500 m it also has an in£uence
for Vs 10 km and at Vs 30 km this is also true
for erosion rates below u = 500 m/myr. Here, not
only the lateral erosion rate v must be considered
as an additional variable, but also the isotherms
cannot be characterized by their amplitude only
and their asymmetry must be characterized. Thus,
it is di¤cult to explore and present meaningful
results as a function of reasonable parameter
space. Thus, we con¢ne the interpretation of re-
sults to an evaluation of the di¡erence in cooling
age between a single sampling elevation at h = H/2
on di¡erent sides of a range and explore this for
three characteristic `closure temperatures' of
100³C, 75³C and 50³C (above a surface temper-
ature of Ts = 0³C). These results are summarized
in Table 1. There, it may be seen that cooling age
di¡erences between the di¡erent sides of a range
increase with increasing amplitude and wave-
length of a range and also with increasing geo-
thermal gradient and with increasing vertical
denudation rate. In particular, cooling age di¡er-
ences of 1^4 myr may be expected between the
two di¡erent sides of a mountain for geothermal
gradients above 10³C/km, V above 10 km and
erosion rates above some hundreds of meters
per myr. In general, increasing the rate of lateral
migration increases the di¡erence in cooling age.
In view of the absolute cooling ages (column 7 on
Table 1) the di¡erences in cooling age between the
two sides of a range are of the order of 50% of the
total cooling age!

However, we emphasize that cooling rates, cur-
vature of the cooling curve and di¡erent sampling
elevation may behave di¡erently from the results
summarized in Table 1, so that for a careful in-

terpretation it will be necessary to implement our
solution, for example using the simpli¢cation of
Section 4.2. We suggest that the results summa-
rized in Table 1 should not be interpreted geo-
logically beyond the fact that they indicate that
there may be signi¢cant cooling age di¡erences
between the two sides of a range due to lateral
migration of the topography at geologically rele-
vant rates.

4. Discussion

4.1. Limitations of the approach

4.1.1. The steady state assumption
Our model is derived for the thermal and topo-

graphic steady state. Thus, it is strictly only ap-
plicable to regions that have denuded long
enough so that the upwards advection of heat is
balanced by the cooling from the surface and
there is no change of the position of the isotherms
with respect to the topography over time. The
model also only applies if no tectonic processes
interfere with the erosional denudation process.
However, this refers only to tectonic processes
that perturb near surface isotherms and not to
deep seated processes that will always occur in
active mountain belts [24].

In order to test the in£uence of the thermal
steady state assumption on real scenarios, Stu«we
et al. [4] and also Mancktelow and Grasemann
([6], equation 60; ¢gure 13) used an ADI ¢nite
di¡erence time-dependent model and showed
that the thermal steady state is reached extremely
rapidly. Thus, our steady state solution may be
used for any mountain belt that has eroded at a
constant rate for more than a few 105 yr. The
same result may be arrived at by a simple com-
parison of the length and time scales of equilibra-
tion using the Peclet number Pe and the thermal
time constant d. As we are considering the ther-
mal equilibration only within the topography,
we are using H as the length scale of equilibra-
tion and can de¢ne: Pe = uH/U and d= H2/U. For
a range of realistic topographies and erosion
rates, the Peclet number is always substantially
smaller than 1, indicating that di¡usion far out-
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weighs the in£uence of advection in the process
of shaping the isotherms at depth. Thus, d gives a
useful estimate for the time scale of equilibra-
tion of the isotherms at depth. For a range of
reasonable topographies, d is always substantially
smaller than 1 myr. In summary, the model can
always be applied if there was no tectonic per-
turbation of near surface isotherms within about
0.5 myr.

4.1.2. The assumption of periodic topography
In this paper we have evaluated the results of

our model for a periodic topography. This as-
sumption is useful to explore the in£uence of to-
pography on isotherms as a function of two sim-
ple, characteristic geometric parameters: the
wavelength V and amplitude H/2 of the topogra-
phy. However, we emphasize that the approach
presented in Section 2.2 allows the description
of the in£uence of any random topography on
isotherms at depth and provides therefore a major
improvement relative to the approach of [6,23].
Moreover, any random topography may be de-
scribed by an appropriate summation of a series
of periodic waves. Thus, it is possible to evaluate
the thermal e¡ects of a random topography, by
an appropriate summation of the ¢rst few domi-
nant wavelengths and amplitudes of a periodic
topography for which results are presented in Ta-
ble 1 and Fig. 5.

4.1.3. Two-dimensionality
The model presented here is two-dimensional.

Thus it applies only to mountain ranges with par-
allel drainage patterns and in¢nitely long, hori-
zontal ridges. Fortunately, many mountain belts
are characterized by drainage divides that are
long, compared to their width, as for example in
the Southern Alps of New Zealand. However,
there are examples from the Himalaya, where sig-
ni¢cant three-dimensionality of the problem has
been documented [26]. Stu«we et al. [4] have sug-
gested that the e¡ect of three-dimensionality be-
comes signi¢cant enough to be considered in ther-
mal models, if the topography at right angles to
the two-dimensional cross section considered is
larger than half an order of magnitude of the
principal amplitude.

4.2. A model simpli¢cation

Fig. 4 shows that the shape of the isotherms
relative to the topography is robust towards the
rate of lateral migration of the drainage divides.
Because of this, a crude ¢rst order simpli¢cation
of the model presented here may be made using
Eq. 1 and an appropriate variation of x and y as a
function of time to describe the oblique particle
trajectories relative to the topography during
asymmetric erosion. When using Eq. 1 to describe
cooling paths or cooling ages, the coordinates x
and y must be substituted by:

x � x0 � vt �9�

and:

y � y03ut

In this equation, x0 and y0 are the starting co-
ordinates of a rock trajectory that is to be tracked
through time. With this relationship it is straight
forward to track cooling paths as far as y = 0.
Final cooling from y = 0 to the surface is linear
^ as implicitly assumed in the boundary condi-
tions of Eq. 1. This simpli¢cation gives a useful
¢rst order approximation of cooling paths during
asymmetric erosion and is straight forward to im-
plement, for example using MATHEMATICA.

4.3. Some potential examples

Our understanding of the lateral migration pro-
cesses and rates of drainage divides in the evolu-
tion of an orogen is still in its early stages
[7,10,12]. Nevertheless, there are several examples
in the literature, where regional asymmetries of
low temperature geochronological data have
been documented using Ar/Ar and apatite ¢ssion
track ages. Examples are the Olympic mountains
in Washington [27], the Glarus Thrust in the
Swiss Alps [28] or the Nanga Parbat region in
the Himalaya [26]. However, in all of these exam-
ples, there are fundamental structures that in£u-
ence the topography ^ cooling age relationships.
In New Zealand there is a signi¢cant asymmetry
of the denudation histories west and east of the
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Southern Alps drainage divide, which has been
been inferred to be caused by di¡erent precipita-
tion on the di¡erent sides of the range [29^31].
However, there too, the di¡erent erosion rates
are accompanied by substantial di¡erential rock
uplift rates across the Alpine thrust system and
near surface isotherms are therefore tectonically
perturbed. One setting where we believe our mod-
el is of relevance is the evolution of passive con-
tinental margins. While the denudation rates of
such margins are extremely slow [32,33], the wave-
length of passive margin ranges is very large (of
the order of several hundreds of kilometers) so
that isotherms will be curved, even at negligible
erosion rates. Thus, according to Fig. 7, asymme-
tries in the geochronology may be useful to deter-
mine lateral migration rates, even at very small
denudation rates. Regional imaging of the two-
dimensional distribution of cooling histories in
comparison with digital elevation models (for ex-
ample those existing of the Australian continent
[34] or the western European Alps [35]) will be
useful to infer the lateral migration rates of to-
pography caused by denudation processes alone.

5. Conclusion

In summary, we draw the following conclusions
from our study:

We con¢rm the known fact that the shape of
isotherms at depth underneath an eroding to-
pography may be signi¢cantly perturbed by
the surface topography. For erosion rates
above about 1^2 mm per year, the 100³C iso-
therm is perturbed enough, so that its shape
must be taken into account when interpreting
apatite ¢ssion track results.
The shape of isotherms relative to the topog-
raphy is robust with respect to the lateral mi-
gration rate of the drainage divides. However,
cooling curves of rocks are signi¢cantly di¡er-
ent on the rapidly eroding side of a laterally
migrating drainage divide than they are on the
slowly eroding side. On the rapidly denuding
side they are characterized by an increase in
cooling rate with decreasing temperature. On

the slowly denuding side this relationship be-
tween cooling rate and temperature is re-
versed.
Cooling ages of rocks are ^ in general ^ older
on the slowly denuding side of a range than
they are on the rapidly denuding side. This is
independent of the vertical incision rate (which
may be the same on both sides of the range)
and only depends on the rate of lateral migra-
tion of the drainage divide. The di¡erence in
cooling ages between the two sides of a moun-
tain is most pronounced for low temperatures
and intermediate elevations between valleys
and summits. There, it may be of the order
of 10% of the cooling age for the apatite ¢s-
sion track retention temperature, but up to
25% of the cooling age for the (U^Th)/He sys-
tem.
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Appendix

Let T = T(x, y, t) be the temperature distribu-
tion in a homogeneous isotropic solid, with x de-
scribing the lateral distance, y the depth (positive
downwards from the lowest point of a topogra-
phy), and t the time. In the presence of a vertical
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(in the upward direction) and a lateral material
velocity, i.e. the vertical and lateral rates of dis-
placement of the surface with respect to the rocks
u and v, respectively, T satis¢es the following two-
dimensional partial di¡erential equation:

DT
Dt
� U

D2T
Dx2 �

D2T
Dy2

� �
� u

DT
Dy
� v

DT
Dx

T�x; F�x�; t� � 0; T�x; L; t� � TL;

T�x; y; 0� � TL

L
y

9>>>>>=>>>>>;
�10�

where U is the thermal di¡usivity independent of
the temperature and constant in (x, y), and F(x) is
a given topography. Note that due to our vertical
reference frame F(x) is always negative. More-
over, L denotes a large depth with TL as corre-
sponding ¢xed temperature.

Transition from Eq. 10 to its dimensionless
counterpart is achieved by introducing the new
variables :

X � x
L
; 3 � T

TL
; d � U t

L2; Y � y
L

In addition, let f(X) be the normalized topog-
raphy, and O= H/L the topographical scale.

Since we are interested in isotherms, we focus
on the isothermal formulation of the dimension-
less form of Eq. 10. In the resulting (non-linear)
partial di¡erential equation below we denote by
subscripts partial di¡erentiation with respect to
the speci¢ed variable(s) :

Y d � Y XX � Y33
1� Y 2

X

Y 2
3

� �
3Y X

2Y X3

Y3
� W

� �
3R

Y�X ; 0; d � � O f �X�; Y�X ; 1; d � � 1;

Y�X ; 3 ; 0� � TLY

9>>>>>>>>=>>>>>>>>;
�11�

where W= vL/U and R= uL/U are the (dimension-
less) lateral and vertical displacement rates of the
surface with respect to the rocks, respectively.

In the present study we restrict ourselves to the
steady state situation, i.e. Yd = 0. Then, in the
case without topography, i.e. O= 0, the solution

of Eq. 11 is given by:

Y 0�3 � � 3
1
R

ln �1� 3 �e3R31��

Note that Y0 is independent of W. Due to the
assumption that the topographical height H is
small compared to the depth L, O is small. Thus,
the general solution of Eq. 11 has the form:

Y � Y 0 � O b �Y 0; X�

Using this expression in Eq. 11 and neglecting
terms of order O2 or higher, we arrive at:

bXX � bY 0Y 03W bX3R bY 0 � 0

b �0; X� � f �X�; b �1; X� � 0

)
�12�

Next we apply the simple transformation:

b �Y 0; X� � e

WX � RY 0

2

� �
�b �Y 0; X�

to eliminate the ¢rst order terms in Eq. 12. We
obtain:

�bY 0Y 0 � �bXX31
4 �W 2 � R 2��b � 0

�b �0; X� � e
3
WX
2

� �
f �X�o�f �X�; �b �1; X� � 0

9>=>;
�13�

Applying the Fourier transform b̂ �Y 0; k� �Rr
3r �b �Y 0; X�e3ikX dX to Eq. 13, solving the re-

sulting ordinary di¡erential equation for b, and
inverting the Fourier transform yields:

�b �Y 0; X� � K 0
�f �X� �

Xr
n�1

K n

Zr
0

e3h �f X � h
g n

� �
� �f X3

h
g n

� �
32�f �X�

� �
dh

with Ki, i = 0, 1, 2,T, as speci¢ed in the text. In-
verting the second transformation results in the
solution given in Eqs. 4^6. The numerical realiza-
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tion of the integrals with in¢nite upper limit is
based on a Gauss^Laguerrian quadrature utilizing
the ¢rst 15 Laguerre polynomials. Details con-
cerning the computation of weights and nodes
can be found in [36] or [37]. Moreover, the in¢nite
summation is truncated at n = 100 since increasing
n beyond 100 yields no signi¢cant change in the
approximation.
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